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We observe that the rotation cell-based MIMO LBR system drawn
in Fig. 6 takes a regular structure. Due to this regularity, the MIMO
LBR system can be conveniently implemented in VLSI circuits. Each
rotation cell in this structure can be efficiently implemented by using
CORDIC processors [4].

A further work is called for examining the relationship among
various realization structures of MIMO LBR systems.
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A VLSI Design Methodology for RNS Full
Adder-Based Inner Product Architectures

D. J. Soudris, V. Paliouras, T. Stouraitis, and C. E. Goutis

Abstract—In this paper, a systematic graph-based methodology for
synthesizing VLSI RNS architectures using full adders as the basic
building block is introduced. The design methodology derives array
architectures starting from the algorithm level and ending up with the
bit-level design. Using as target architectural style the regular array
processor, the proposed procedure constructs the two-dimensional (2-D)
dependence graph of the bit-level algorithm, which is formally described
by sets of uniform recurrent equations. The main characteristic of the
proposed architectures is that they can operate at very high-throughput
rates. The proposed architectures exhibit significantly reduced complexity
than ROM-based ones.

Index Terms—Bit-level design methodology, inner-product processor,
residue number system.

I. INTRODUCTION

Many systematic methodologies have been proposed for mapping
digital signal processing (DSP) algorithms onto regular array pro-
cessors and, particularly, on systolic arrays [1]–[3]. However, these
methodologies do not exploit any inherent parallelism and pipelining
of the algorithm at the bit level. Several research attempts have been
reported for the design of bit-level arrays [4]–[6]. McCannyet al. [4]
presented an approach for the systematic design of bit-level systolic
arrays exploiting a methodology developed by Kung [1]. However,
the arithmetic is not considered as an individual parameter. Shang and
Fortes [5] presented a methodology for mapping multidimensional
nested algorithms to processor arrays of lower dimension. However,
they do not exploit the design alternatives that are available at the bit
level. Burleson and Scharf presented a VLSI design methodology for
multiply/add units operating in distributed arithmetic [6]. Their design
approach is based on a parameterized dependence graph, which leads
to tree or regular array architectures.

In this paper, a systematic methodology for designing inner product
step processors (IPSP’s) based on residue number system (RNS)
is presented. Generally, an IPSP consists of an accumulator and a
multiplier. When it is adopted for arithmetic in a finite integer ring
IR(m) [7], this unit is called IPSPm. The performed operation is
of great importance for DSP algorithms since they include “inner-
product” type of operations [1]. Because of its efficiency in sum-of-
products calculations, RNS can execute DSP algorithms at higher
rates than other arithmetic systems [7]. Taking into account the
target architectural style and the specific value of modulom, the
proposed methodology produces the two-dimensional (2-D) graph
of the inner-product algorithm, which is specified through a series
of lemmas and several sets ofuniform recurrent equations(URE’s)
[1]. The dependence graph (DG) is then mapped onto the selected
array processor style. The proposed architectures for the IPSPm are
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based on full adder (FA) arrays, which outperform conventional look-
up table based structures [8], when very high throughput rates are
required. As it is proved, a 2-D FA-based array can produce an inner
product in a time interval equal to one pipelined FA cell latency.

II. THE PROPOSEDARCHITECTURE

In RNS arithmetic any integerXXX is represented by anN -tuple
fX0; X1; � � � ; XN�1g, with Xi = hXXXim , wheremi is an element
of the basefm0; m1; � � � ; mN�1g, which contains relatively prime
integers, with0 � XXX <

i
mi. In general, the notationhFFF im

denotes the operationFFF modulom. Any computation requiresN -
parallel channels, each one performing the inner product modulo
mi in a finite-integer ringIR(mi); i = 0; 1; � � � ; N � 1 [7]. The
proposed methodology addresses the design of an IPSP for each
channel, denoted IPSPm for simplicity. Its function can be described
by [7], [8]

Yout = hY + hA�Ximim (1)

whereYout; Y; A, andX 2 IR(m) = f0; 1; � � � ; m�1g. Let Y; A,
and X be defined asY =

n�1

c=0
yc2

c; A =
n�1

c=0
ac2

c; X =
n�1

c=0
xc2

c, wheren = blog2mc + 1; yc; ac, andxc 2 f0; 1g. If
we defineY0 to be

Y0 =

n�1

c=0

yc2
c
+

n�1

c=0

n�1

d=0

acxdh2
c+dim: (2)

Equation (1) gives

Yout =

n�1

c=0

yc2
c
+

n�1

c=0

n�1

d=0

acxdh2
c+dim

m

= hYoim: (3)

Three stages of computations are required for the calculation
of Yout. The first stage computesY0, which is defined by (2)
and can be written in binary form asY0 =

`�1

i=0
y0; i2

i with
` = blog2 (m� 1 +max f n�1

c=0

n�1

d=0
acxdh2

c+dimg)c+ 1. The
second stage computesYr, which has the propertieshYrim = Yout
andn = blog2 Yrc + 1, while the third stage mapsYr to Yout.

More specifically, the function of the second stage is based on the
modulo arithmetic property

i

bi2
i

m

=

i

bih2
iim

m

(4)

where b1 2 f0; 1g. This stage recursively replaces any bit that
corresponds to a power of two that is larger than 2n � 1 to a set of
bits that correspond to powers of two whose sum is less than or equal
to 2n � 1. This operation may be repeated as needed to eventually
reduce the number of bits ofY0 from ` to n bits that are required for
Yout. Therefore, except from the case whereY0 � 2

n � 1, at least
one usage of (4), called hereafter a “recursion,” is required.

Assuming that the(k � 1)st, 0 < k � r, recursion has as output
Yk�1 =

n �1

i=0 yk�1; i2
i. Then, the output of thekth recursion

is obtained recursively fromYk�1

Yk =

n �1

i=0

yk; i2
i

=

n �1

i=0

yk�1; ih2
iim: (5)

The maximum required word length of the output of each recursion
nk and the number of the required recursionsr can be calculated

using the following algorithm:

k = 0

maxout0 = maxfirst; ==maxfirst is the
//maximum output of the first stage
n0 = `

while (nk > n) do f
k = k + 1

maxoutk = 0

for x = 0 to maxoutk�1 do
f for i = 0 to nk�1 � 1 do

f yk�1; i = (Yk�1 AND 2
i
) DIV 2

i

//AND denotes the bitwise logic
//operator that returns an integer
//and DIV denotes the integer
//division

fYk =
n �1

i=0 Yk�1; ih2
iim

if Yout > maxoutk then maxoutk = Ykg
nk = blog2 fmaxoutkgc+ 1g

r = k

Finally, the outputYr of the second stage is mapped during a third
stage (or output stage) to its residue modulom value. This mapping
can be achieved by using onen-bit adder.

Since (3) requires a total of three stages, the proposed architecture
of the IPSPm consists of three blocks. Moreover, due to the fact that
(3) falls into the class of algorithms calledweak single assignment
codes[3], each block can be implemented as an array processor.

III. T HE DESIGN OF THE FA-BASED ARRAYS

The detailed design procedure of each of the FA-based stages is
obtained by three steps: 1) Calculation of the number of FA’s; 2)
Derivation of the DG; and 3) the design of the output stage.

A. Calculation of the Number of FA’s

To specify the number of FA’s required for the computation of the
ith output bit of thekth recursion,yk; i, the number of the input bits
of this computation should be calculated.

The input bits of the FA’s of the first stage comprise the products
acxd, which can be computed byn2 AND gates, and the bitsyc of
(2). Each termh2c+dim of (2) can be expressed in a binary form as
a sum of powers of two, where the bitsq(0)i; c; d are defined through

h2c+dim =

n�1

i=0

q
(0)

i; c; d2
i (6)

or q(0)i; c; d = (h2c+dim AND 2
i
) DIV 2

i andc; d = 0; 1; � � � ; n�1.
By substituting (6) into (2), we find

Y0 =

n�1

i=0

yi +

n�1

c=0

n�1

d=0

acxdq
(0)

i; c; d 2
i
: (7)

Equation (7) implies that theith output bity0; i is the sum of the
bits yi and acxdq

(0)

i; c; d for c; d = 0; 1 � � � ; n � 1. The value of

q
(0)

i; c; d being 1 or 0 specifies whether the bitsacxd contribute to
y0; i or not, respectively. Therefore, the setZ0;1 = facxdjc; d =

0; 1; � � � ; n � 1 ^ q
(0)

i; c; d = 1g, with i = 0; 1; � � � ; n � 1, contains
only the productsacxd, which contribute to theith output bit.

Consequently, the number of input bits�0; i required for the
computation of theith output bit of the first stage can be specified by

�0;1 = 1 +

n�1

c=0

n�1

d=0

q
(0)

i; c; d; i = 0; 1; � � � ; n� 1 (8)

where the unity in (8) is due to theyi of (7).
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TABLE I
COMPARISON OF THEFA-BASED IPSPm ARCHITECTURES WITH THEROM-BASED ONES. (AU=ARITHMETIC UNIT, GM=GENERAL MULTIPLIER).

Similarly, the input bits for thekth recursion,k = 1; � � � ; r, of the
second stage are those coefficients ofh2cim that can be calculated
by expressing eachh2cim in a binary form as in

h2cim =

n�1

i=0

q
(k)

i; c2
i (9)

or q(k)i; c = (h2cim AND 2
i
) DIV 2

i, wherec = 0; 1; � � � ; nk�1 �

1and q(k)i; c 2 f0; 1g. Using (9) into (5), we obtain

Yk =

n�1

i=0

n �1

c=0

yk�1;cq
(k)

i; c 2
i
: (10)

The setZk; i is defined asfyk�1;cjc = 0; 1; � � � ; nk�1�1^q
(k)

i; c =

1g. Thus, the number of input bits,�k; i, which should be added to
obtain theith output bit of thekth recursion is determined by

�k; i =

n �1

c=0

q
(k)

i; c ; i = 0; 1; � � � ; n� 1: (11)

Having calculated the exact number of the input bits of each
recursion, the required number of FA’s can be computed. LetAk; i be
the number of FA’s required for computing theith output bit,yk; i,
of thekth recursion,0 � k � r. Also, let�k; i be the total number of
bits that should be added by theAk; i FA’s. The�k; i bits include: 1)
the�k; i bits as they were specified above and 2) the carry bitsck; i,
which result from the computation ofyk; i�1. Since each FA has only
one carry,ck; i equals the numberAk; i�1 of FA’s that compute the
(i� 1)st bit, wherei = 0; 1; � � � ; nk � 1 andck;0 = 0. Therefore,

�k; i = �k; i + Ak; i�1 (12)

wherei = 0; 1; � � � ; nk� 1 andAk;�1 = 0. The minimum required
number of FA’s is

Ak; i =
�k; i � 1

2
; �k; i � 1: (13)

B. Derivation of the Dependence Graph

In this subsection, theAk; i parameters are employed to derive a
graph-based description of the IPSPm architectures. In the proposed
methodology, the DG of thekth recursion, DGk, is derived. The
structure of the DG can be expressed formally using a system of
URE’s [1]. Among the existingtarget architectural styles, theregular
array processor[1] is selected for the implementation of the proposed
IPSPm, whose each processing element is a simple 1-b FA.

Let D = f(i; j)ji; j 2 Zg be a 2-D index space andZ be the
set of integers. The system of URE’s over the domainD, which
describes the DG of the target architecture, is

x(i; j) = x(i; j + 1)� y(i; j)� c(i� 1; j + 1)

c(i; j) = maj fx(i; j + 1); y(i; j); c(i� 1; j + 1)g

y(i; j) = y(i� 1; j) (14)

where the variablesx(�); y(�), and c(�) correspond to the augment
(i.e., sum), addend, and carry bit, respectively. Also,� stands for the
XOR operator and maj stands for themajority operator.

Equation (14) describes an infinite DG. However, an IPSPm does
not accommodate an infinite number of FA’s and, therefore, a finite
space suffices to describe (3). Hence, (14) should be modified to
describe the effects of the boundary conditions of the finite space.
This modification is accomplished by the following set of lemmas.

�k(i� 1; j) =
�k(i� 1; j + 1); (pk; i�1 + Ak; i�1 � j � 1, odd)^ (pk; i�1 + Ak; i�1 � j � 1 � 3)

�k(i� 1; j + 1)� 1; (pk; i�1 + Ak; i�1 � j � 1, even)^ (pk; i�1 + Ak; i�1 � j � 1 < 3)
(15)
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We can define asith “column” of FA’s the finite subspace
Dk; i = f(i; j)jpk; i � j � pk; i + Ak; i � 1; pk; i 2 Zg, where
0 � i � nk � 1. In a similar manner, we can define asjth “row”
of FA’s the finite subspaceFk; j = f(i; j)j(i; j) 2 Dk; i ^ 0 �
i � nk � 1g. The number of rows of FA’s can be given by
R(pk; i) = max0�j�ifpk; j + Ak; j � 1g �min0�j�ifpk; jg+ 1.

Lemma 1: The number of vertices (i.e., FA’s) inDk; i that receive
at least one nonlocal carry is

1) 0; if Ak; i � Ak; i�1

2) Ak; i�1 �Ak; i; if Ak; i < Ak; i�1

^ 0 � i � n� 1

3) Ak; i�1 � Ak; i � 1; if Ak; i < Ak; i�1

^n� 1 < i � nk � 1.

Lemma 1 computes the number of FA’s per column that transmit
a local carry. To achieve maximum locality, the number of FA’s that
transmit nonlocal carries should be minimized. The minimization is
achieved by not allowing the first FA’s of any column to accept
noncarry inputs unless all the nonlocal carries of the previous column
have been exhausted.

Lemma 2: If Ak; i is the number of FA’s ofith column,i � 1,
then

a) If Ak; i � Ak; i�1 thenpk; i = pk; i�1 � 1

b) If Ak; i > Ak; i�1 thenpk; i 2 fpk; i + Ak; i�1

�Ak; i � 1; � � � ; pk; i�1 � 1g
andR(pk; i) is minimum.

The initial valuepk;0 of the recursion is an arbitrary integer.
Since the locality of any DGk implies that the distance between

successive FA’s that lie on the same column (have the samej) equals
one and sinceAk; i have been computed, all that is necessary for
complete construction of the DGk is to determine for eachi the
smallest value ofj (called herepk; i) at which an FA is placed.
Recursive formulas for calculating thepk; i are provided by Lemma
2.

Lemma 3: If Ak; i < Ak; i�1 andpk; i�1�Ak; i�1+2Ak; i+2 �
j � pk; i�1+Ak; i�1�1, the carry link that originates from(i�1; j)
ends to(i; j0) wherej0 = j � �k(i � 1; j) and �k(i � 1; j) is as
defined in (15), shown at the previous of the page. The value of
�k(i� 1; pk; i�1 +Ak; i�1 � 1) is pk; i�1 +Ak; i�1 � pk; i �Ak; i.

Lemma 3 specifies the nonlocal links required for carry propagation
in the caseAk; i < Ak; i�1. In particular, the origin and the end of
a nonlocal link are determined.

Lemma 4: The number of the different sets of URE’s, which
describe DGk equals seven.

Generally, the derived DGk is not completely homogeneous. This
implies that the graph can be “broken up” into more than one
homogeneous subgraphs, each of which can be described by a set of
URE’s. The seven possible sets of URE’s and the proper conditions
are provided by Lemma 4.

The proofs of the above lemmas are given in [9].

C. The Design of the Output Stage

The third stage of the IPSPm performs the mappingYout = hYrim,
which can be described as follows

Yout =
Yr; Yr < m

Yr �m; Yr � m.
(16)

More specifically, in the caseYr � m, (16) implies that ann-bit
adder can computeYout by summingYr and the two’s complement
of m. WheneverYr � m, it produces a carry bit which can be used
to select eitherYr�m or Yr. The implementation of then-bit adder
affects the pipelining of the whole IPSPm.

IV. HARDWARE REALIZATION ISSUES

A comparison study of the FA-based IPSPm to a bit-sliced ROM-
based architecture and a general RNS multiplier [10] in terms
of the required number of transistors is given in Table I. The
complexity of the ROM-based architectures has been computed
in [8]. It has been assumed that a 1-b FA can be implemented
in CMOS technology by 28 transistors, an AND gate with six
transistors, and a 1-b multiplexer with four transistors [11]. It
can be noted that the FA-based architectures require significantly
reduced number of transistors than the ROM-based designs for large
moduli.

A 2-D FA-based IPSPm with parallel loading of the bitsacxd and
yc can produce ann-b Yout every 2� time units (the latency ofone
FA). Similarly, for serial loading of theacxd and parallel loading of
theyc, a throughput rate of̀�2� can be achieved. In addition, since
the throughput rate of the architecture is defined by the latency of a
pipelined 1-b FA cell, it is anticipated that throughput rates up to 200
MHz can be achieved, depending on the VLSI process technology
and the implementation style [12].

V. CONCLUSIONS

The systematic derivation of several FA-based architectures for
inner product step processors that operate in finite rings was pre-
sented. The usage of URE’s has been extended to bit-level algorithms.
The proposed IPSPm FA-based architectures are more advantageous
than the corresponding ROM-based ones in terms of the area, the
latency and the throughput. Since the proposed methodology involves
graph theory, recurrent equations, and mapping techniques, it forms
a design environment, which can be included in a computer-aided
design tool.
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